
Abstract

Expressing neutrino oscillation probabilities in matter can
be done either approximately with very good precision, or
exactly with complicated expressions. Exact solutions
require solving for the eigenvalues and, in turn, the
eigenvectors. While there is no shortcut for the exact
expressions for the eigenvalues, given those the eigenvectors
can be determined in a straightforward fashion.
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The Billion Dollar Question

What is P (νµ→ νe)?

P ((ν )

µ → (ν )

e) = |Aµe|2 Aµe = A31 + e±i∆32A21

A31 = 2s13c13s23 sin ∆31

A21 = 2s12c13(c12c23e
iδ − s12s13s23) sin ∆21

∆ij = ∆m2
ijL/4E

...in matter?
Now: NOvA, T2K, MINOS, ...
Upcoming: DUNE, T2HK, ...

Second maximum: T2HKK? ESSnuSB? ...
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Matter Effects Matter

Call Schrödinger equation’s eigenvalues m2
i and eigenvectors Ui.

A(να → νβ) =

3∑
i=1

U∗αiUβie
−im2

iL/2E P = |A|2

In matter ν’s propagate in a
new basis that depends on
a ∝ ρE.

Z

f

να

f

να

W

e−

νe

νe

e−

L. Wolfenstein, PRD 17 (1978)

Eigenvalues: m2
i → m̂2

i(a)

Eigenvectors are given by θij → θ̂ij(a) ⇐ Unitarity
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Hamiltonian Dynamics

H =
1

2E

U
0

∆m2
21

∆m2
31

U † +

a 0
0


a = 2

√
2GFNeE

U =

1
c23 s23

−s23 c23

 c13 s13e
−iδ

1
−s13e

iδ c13

 c12 s12

−s12 c12

1



Find eigenvalues and eigenvectors:

H =
1

2E
Û

0

∆m̂2
21

∆m̂2
31

 Û †

Analytic expression?
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Eigenvalues Analytically: The Exact Solution

Solve the cubic characteristic equation
G. Cardano Ars Magna 1545

V. Barger, et al., PRD 22 (1980) 2718

H. Zaglauer, K. Schwarzer, Z.Phys. C40 (1988) 273

Then write down eigenvectors (mixing angles)
H. Zaglauer, K. Schwarzer, Z.Phys. C40 (1988) 273

K. Kimura, A. Takamura, H. Yokomakura hep-ph/0205295

PBD, S. Parke, X. Zhang 1907.02534

“Unfortunately, the algebra is rather impenetrable.”
V. Barger, et al.
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Eigenvalues Analytically: The Exact Solution

Solve the cubic characteristic equation.

m̂2
1 =

A

3
− 1

3

√
A2 − 3BS −

√
3

3

√
A2 − 3B

√
1− S2

m̂2
2 =

A

3
− 1

3

√
A2 − 3BS +

√
3

3

√
A2 − 3B

√
1− S2

m̂2
3 =

A

3
+

2

3

√
A2 − 3BS

A = ∆m2
21 + ∆m2

31 + a

B = ∆m2
21∆m2

31 + a
[
c2

13∆m2
31 + (c2

12c
2
13 + s2

13)∆m2
21

]
C = a∆m2

21∆m2
31c

2
12c

2
13

S = cos

{
1

3
cos−1

[
2A3 − 9AB + 27C

2 (A2 − 3B)3/2

]}
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Exact Neutrino Oscillations in Matter: Mixing Angles

s2
1̂2

=
−
[
(m̂2

2)2 − αm̂2
2 + β

]
∆m̂2

31[
(m̂2

1)2 − αm̂2
1 + β

]
∆m̂2

32 −
[
(m̂2

2)2 − αm̂2
2 + β

]
∆m̂2

31

s2
1̂3

=
(m̂2

3)2 − αm̂2
3 + β

∆m̂2
31∆m̂2

32

s2
2̂3

=
s2

23E
2 + c2

23F
2 + 2c23s23cδEF

E2 + F 2

e−iδ̂ =
c23s23

(
e−iδE2 − eiδF 2

)
+
(
c2

23 − s2
23

)
EF√(

s2
23E

2 + c2
23F

2 + 2EFc23s23cδ
) (
c2

23E
2 + s2

23F
2 − 2EFc23s23cδ

)
α = c2

13∆m2
31 +

(
c2

12c
2
13 + s2

13

)
∆m2

21 , β = c2
12c

2
13∆m2

21∆m2
31

E = c13s13

[(
m̂2

3 −∆m2
21

)
∆m2

31 − s2
12

(
m̂2

3 −∆m2
31

)
∆m2

21

]
F = c12s12c13

(
m̂2

3 −∆m2
31

)
∆m2

21

H. Zaglauer, K. Schwarzer, Z.Phys. C40 (1988) 273
Peter B. Denton (BNL) TomFest: August 14, 2019 8/17

https://doi.org/10.1007/BF01555889
https://peterdenton.github.io


Too Hard: Approximations

I Small matter potential: a/∆m2

Y. Li, Y. Wang, Z-z. Xing, 1605.00900

I s13, s
2
13

A. Cervera, et al., hep-ph/0002108

H. Minakata, 0910.5545

K. Asano, H. Minakata, 1103.4387

I ∆m2
21/∆m

2
31 ∼ 0.03

J. Arafune, J. Sato, hep-ph/9607437

A. Cervera, et al., hep-ph/0002108

M. Freund, hep-ph/0103300

E. Akhmedov, et al., hep-ph/0402175

S. Agarwalla, Y. Kao, T. Takeuchi, 1302.6773

M. Blennow, A. Smirnov, 1306.2903

H. Minakata, S. Parke, 1505.01826

PBD, H. Minakata, S. Parke, 1604.08167

(See G. Barenboim, PBD, S. Parke, C. Ternes 1902.00517 for a review)
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m̂2
i

θ̂ij
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Eigenvalues to Eigenvectors

KTY pushed calculating the eigenvectors from the eigenvalues.
K. Kimura, A. Takamura, H. Yokomakura hep-ph/0205295

Expressions for:
ÛαiÛ

∗
βi

for α 6= β.
Wanted to preserve phase information for δ̂.
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Eigenvalues: the Rosetta Stone

We realized:

|Ûαi|2 =
(m̂2

i − ξα)(m̂2
i − χα)

∆m̂2
ij∆m̂2

ik

where ξα and χα are the submatrix eigenvalues of

Hα ≡
(
Hββ Hβγ

Hγβ Hγγ

)
e.g.

ξe + χe = ∆m2
21 + ∆m2

eec
2
13

ξeχe = ∆m2
21[∆m2

eec
2
13c

2
12 + ∆m2

21(s2
12c

2
12 − s2

13s
2
12c

2
12)]
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Eigenvalues: the Rosetta Stone

s2
1̂3

= |Ûe3|2 =
(m̂2

3 − ξe)(m̂2
3 − χe)

∆m̂2
31∆m̂2

32

s2
1̂2
c2

1̂3
= |Ûe2|2 = −(m̂2

2 − ξe)(m̂2
2 − χe)

∆m̂2
32∆m̂2

21

s2
2̂3
c2

1̂3
= |Ûµ3|2 =

(m̂2
3 − ξµ)(m̂2

3 − χµ)

∆m̂2
31∆m̂2

32

What about δ̂?
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CPV From Rosetta

Toshev identity:

sin δ̂ =
sin 2θ23

sin 2θ̂23

sin δ

S. Toshev MPL A6 (1991) 455

Get the sign of cos δ̂ from e.g. |Uµ1|2.
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In General

Two flavor:

|Ûαi|2 =
m̂2

i − ξα
∆m̂2

ij

leads to

sin2 θ̂ = |Ûe2|2 =
m̂2

2 − ξe
m̂2

2 − m̂2
1

=
1

2

(
1− ∆m2 cos 2θ − a√

(∆m2 cos 2θ − a)2 + (∆m2 sin 2θ)2

)

Numerically checked for N = 4, 5.

True for all N?
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We did it!

|vi,j |2 =

∏n−1
k=1(λi − ξj,k)∏n

k=1;k 6=i(λi − λk)
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Key Points

I Someone write a paper about the moon with Tom

I Tom gave me enough freedom to learn how to research

I Tom pushed me to go elsewhere

I All you need is Love Eigenvalues

I Terry is “cheery firehose”
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