Abstract

We further develop and extend a recent perturbative framework for neutrino
oscillations in uniform matter density so that the resulting oscillation
probabilities are accurate for the complete matter potential versus baseline
divided by neutrino energy plane. This extension also gives the exact oscillation
probabilities in vacuum for all values of baseline divided by neutrino energy. The
expansion parameter used is related to the ratio of the solar to the atmospheric
Am? scales but with a unique choice of the atmospheric Am? such that certain
first-order effects are taken into account in the zeroth-order Hamiltonian. Using
a mixing matrix formulation, this framework has the exceptional feature that the
neutrino oscillation probability in matter has the same structure as in vacuum,
to all orders in the expansion parameter. It also contains all orders in the matter
potential and sin #13. It facilitates immediate physical interpretation of the
analytic results, and makes the expressions for the neutrino oscillation
probabilities extremely compact and very accurate even at zeroth order in our
perturbative expansion. The first and second order results are also given which
improve the precision by approximately two or more orders of magnitude per
perturbative order.
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Neutrino oscillations in vacuum: disappearance

It is easy to calculate the exact disappearance expression in vacuum:

P(va = va) =1—4 Y |Usil?|Usjl* sin® Aj
i<j
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Neutrino oscillations in vacuum: disappearance
It is easy to calculate the exact disappearance expression in vacuum:
P(va = va) =1—4 Y |Usil?|Usjl* sin® Aj
i<j
For the electron case this expression is simple:
P(rve »ve) =1
— 4c1225122cf3 sin? Ay
— 4c122 c1235123 sin? Az

— 452, ¢35 sin? Asy .
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Neutrino oscillations in matter
The electron flavor interacts differently, modifying the Hamiltonian.

1 0 a
HT" =2 |U Am3, U+
Am%1

U = Ux3(623,0) U13(613) Ur2(012),
a=2EVoc = 2v2GeNLE,
Amﬁ- = mJ? — m,?.
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Neutrino oscillations in matter
The electron flavor interacts differently, modifying the Hamiltonian.

1 0 a
HT" =2 |U Am3, U+
Am%1
We could write
A1
Hm = qym m¥
=5F U Ao um,
A3

where the \; are the masses squared in matter,
and 075,073,053, and 6™ and the angles and phase in matter.

U = Ux3(623,0) U13(613) Ur2(012),
a=2EVoc = 2v2GeNLE,
Amj%- = mJ? — m,?.
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Exact neutrino oscillations in matter: eigenvalues

This has been done.
H. Zaglauer, K. Schwarzer, Z. Phys. C Particles and Fields, 40 (1988)
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Exact neutrino oscillations in matter: eigenvalues

This has been done.
H. Zaglauer, K. Schwarzer, Z. Phys. C Particles and Fields, 40 (1988)

A\ = \/AZ 5—\[\/A2 3By/1 - S2

§
Ay = ? /A2 — 5+\[\/A2 3Bv/1— S2
)\3:§+§\/A2—3BS
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Exact neutrino oscillations in matter: eigenvalues

This has been done.
H. Zaglauer, K. Schwarzer, Z. Phys. C Particles and Fields, 40 (1988)

A\ = § \/AZ 5—\[\/A2 3Bv/1— S2
A \f

Ay = § \/AZ BS + > \/A2 3Bv/1— S2

)\3:§+§\/A2—3BS

A=Am3 +Am3 +a

B = AmglAm§1 +a [c123Am§1 + (C122C123 + 5123)Am§1]
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Exact neutrino oscillations in matter: eigenvalues

This has been done.
H. Zaglauer, K. Schwarzer, Z. Phys. C Particles and Fields, 40 (1988)

A\ = § \/AZ BS — \f\/A2 3Bv/1— S2
Ay = ? ~\/A2 _3BS + \[\/A2 3Bv/1— S2
)\3:§+§\/A2—3BS

A=Am3 +Am3 +a
B =Am3Am3; +a [c123Am§1 + (cfhcis + 5123)Am§1]

{1 _1[2A3—9AB+27C}
S = cos gcos

3/2
2(A2 —3B)¥
2
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Alternative solutions

» Numerical methods:
» Good for experiments.
» Important understanding can be missed (magic baseline).
P. Huber, W. Winter, hep-ph/0301257
A. Smirnov, hep-ph/0610198
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Alternative solutions

» Numerical methods:
» Good for experiments.
» Important understanding can be missed (magic baseline).
P. Huber, W. Winter, hep-ph/0301257
A. Smirnov, hep-ph/0610198
> Perturbative expansion:
» Small matter potential: a/Am?.
Y. Li, Y. Wang, Z-z. Xing, 1605.00900
> 513, 5123.
A. Cervera, et. al., hep-ph/0002108
H. Minakata, 0910.5545
K. Asano, H. Minakata, 1103.4387
» Am3;/Am3; ~ 0.03.
J. Arafune, J. Sato, hep-ph/9607437
A. Cervera, et. al., hep-ph/0002108
M. Freund, hep-ph/0103300
E. Akhmedov, et. al., hep-ph/0402175
H. Minakata, S. Parke, 1505.01826
PBD, H. Minakata, S. Parke, 1604.08167
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Alternative solutions: example

Sinf26,5

Ty

.Po=:im2 yq slnzliﬁ'J, (36a)

1 sindcosfysn2f,sin2fysinlfay L
n

Pgns=5a — (CA)
2 ACcos I‘ﬁj
®{cos(CA)—cos((1+A)4)}, (36b) numerical
[ S——
1 cosdcos#3sin2f,8in2 8 ysin2 b,y L. =
Pl Sy — = sin{CA) sin’26;3=0.1
ACcos 813
*{sin((1+4)8)F sin(CA)}, (36c) = 10° ~
T $in?26;3= 0.01
1—Acos28 z
.Pl=—c|_73|3 sin”ﬂusln223u§in2923;i & —
107 sin*263= 0.001
e 2A(—A+cos2d,3)
Xsln(?l(.)+a#
% sin® By 5in’2 8 sin’ fagsin®(AC 10
250" 2 6y sin” fygsin(AC), (36d)
40 20 0 20 40
F1+Cxdcos2d,, Ey in GeV
Py= L f3sin2H3sinl fy
20 A cos™ 8y
% sin2 fay sin*(AC), (36e)
pica? 26 cos? fyy sin?2 6,5 M. Freund, hep-ph/0103300
3= a s 3 -
.»]‘21:():"'93( FA+Cxceos2dy)
[1 a e s
><sm2( S(1+4 :f.‘u). (366)
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A perturbative description of neutrino oscillations in matter

Several goals:
1. Use e ~ Am3,/Am3; = 0.03 as an expansion parameter.
2. Minimize the number of additional ‘matter’ angles/phases (2).
3. Extremely accurate for all channels, L/E, orderings, CP phases, ...
4. Exact in the vacuum limit.
5. Reproduce the known CPV term in matter.
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Precision order-by-order
02 vy — Ve, L =1300 (km), 6 = 37/2, NO
S

0.0
100

— Zeroth —— First —— Second

0.3 1.0 10
E (GeV)
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Our methodology
> Start with e — 2721 — 0.03.

Am2,

2 2 2 2
Amg, = Amg; — sj,Ams,
S. Parke talk Thursday, 11:30a
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Our methodology
» Start with € = A’"? = 0.03.

Am2,
» Perform one fixed and two variable rotations: (623,6), ¢, .

2 2 2 2
Amg, = Amg; — sj,Ams,
S. Parke talk Thursday, 11:30a
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Our methodology
» Start with € = A’"? = 0.03.

Am2,
» Perform one fixed and two variable rotations: (623,6), ¢, .

» Write the probabilities with simple L/E dependence:

P(va = v) = bap — »_ R [UaiU5;Us;Ugj] sin® A
i<j
+ 8% [Ual U§2 U::2 Uf?’l] sin A32 sin A31 sin Agl
C. Jarlskog: PRL 55 (1985)

Nonvanishing Wronskian = fewest number of L/E functions.

AmZ, = Am%l — sty Am3,
S. Parke talk Thursday, 11:30a
A Am?jL

Y 4E
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Our methodology
» Start with € = ﬁg% = 0.03.

ee

» Perform one fixed and two variable rotations: (623,6), ¢, .
» Write the probabilities with simple L/E dependence:

P(va = v) = bap — »_ R [UaiU5;Us;Ugj] sin® A
i<j
+ 8% [Ual U§2 U::2 Uf?’l] sin A32 sin A31 sin Agl
C. Jarlskog: PRL 55 (1985)

Nonvanishing Wronskian = fewest number of L/E functions.

Clear that the CPV term is O[(L/E)3] not O[(L/E)!].

AmZ, = Am%l — sty Am3,
S. Parke talk Thursday, 11:30a
A Am?jL

Y 4E
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Eigenvalues in matter: two rotations are needed

8

Uss(0a3., ) NO
o — AW — & — A| A
4,

A (1073 eV?)
o

B0 30 - -0 0 10 20 30 0
Y.pE (g-cm™ GeV)

2 2 2 0 2 (2 2 2
Aa=a+(si3 tesip)Amg., Ap=ecpAmg,, A= (ci3+esip)Amyg,.
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Eigenvalues in matter: two rotations are needed

8
Uas(623, 6)U13(9) NO
6r —_— )\_ — )\0 — )\+ /
4 L
2 L

B0 30 - -0 0 10 20 30 0
Y.pE (g ~em™? Ge\/)

1 .
A =5 [Qat A7 s.gn(Amﬁe)\/(Ac = Xa)? +4(sisci3Amg.)?|
Ao = Ap.
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Eigenvalues in matter: two rotations are needed

Ua3(0a3,0)U13(o) NO
ol — T — ]

4,

o 1
=
<
o
=
~ J

c 12y
B0 30 - -0 0 10 20 30 0
Y.pE (g ~em ™3 Ge\/)

1 .
A =5 [Qat A7 s.gn(Amﬁe)\/(Ac = Xa)? +4(sisci3Amg.)?|
Ao = Ap.
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Eigenvalues in matter: two rotations are needed

Ua3(0a3, 6)U13(0) Ura(2)) NO
61 — N — X — A3

4,

o 1
=
<
o
=
~ J

c 12y
10 -3 —20 —10 0 10 20 30 40
Y.pE (g-cm™ GeV)

-8

1
)\172 = 5 [()\0 + /\_) F \/(Ao — )\_)2 + 4(6C(¢_913)C12$12Amge)2 s
A3 — )\+ .

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 ICHEP 2016, Chicago: August 6, 2016 12/20


https://peterdenton.github.io
https://arxiv.org/abs/1604.08167

Eigenvalues in matter: mass ordering

8 T T T T T 8 T T T T T

) Us3(623,0)Ur3(6) Ura(¥) NO ) Uns(023,0)Uns(0)Ura(p) 10

61 — N — X — N 61 - N B T V)

2f —~ 2t JPial

< .-

0 SRR RS
ol = =20 - e
—4} 4 e -

-6 —6p-”
7§4O -30 =20 =10 0 10 20 30 40 7§-’10 =30 =20 —10 0 10 20 30 40
Y.pE (g cem™? Go\r') Y.pE (g cem™? G«:\")
/\1<)\2<)\3 )\3<)\1<)\2
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1 + 2 rotations

1. Perform a constant U3(623,0) rotation.

> U,3 commutes with the matter potential.
» Resultant Hamiltonian is real.
» ‘Expansion parameter’ is c;3513 = 0.15 at this point.
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1 + 2 rotations

1. Perform a constant U3(623,0) rotation.
> U,3 commutes with the matter potential.
» Resultant Hamiltonian is real.
» ‘Expansion parameter’ is c;3513 = 0.15 at this point.
2. Diagonalize the diagonal and O(€°) off-diagonal terms with Uj3(¢).
> ¢(a = 0) = 913.

. . Am?
» Expansion parameter is ¢1551o

my
AmL = 0.015.
H. Minakata, S. Parke, 1505.01826
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1 + 2 rotations

1. Perform a constant U3(623,0) rotation.
> U,3 commutes with the matter potential.
» Resultant Hamiltonian is real.
» ‘Expansion parameter’ is c;3513 = 0.15 at this point.
2. Diagonalize the diagonal and O(€°) off-diagonal terms with Uj3(¢).
> ¢(a=0):913. ,
» Expansion parameter is c12512 ﬁ'n';%l = 0.015.

H. Minakata, S. Parke, 1505.01826
3. Diagonalize the terms non-zero in vacuum with Uiz (7).

> w(a = 0) = 912.
» Expansion parameter is now € = clgslgs(o,gn)A:%l < 0.015.
- d(a=0)=0.
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Expansion parameter

10°
NO
— |€812012\
1071k - |E/| J
1072} E

1073}

104 ‘ ‘ ‘ ‘ ‘ ‘ ‘
—-40 =30 =20 10 0 10 20 30 40

Y.pE (g - cm™3 GeV)
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Simplicity at zeroth order
Simple L/E dependence:
P = 5% 4+ 4C0 sin? Agy + 4C5 sin? Az + 4CYF sin? Agy

+8Da'8 sin A21 sin A31 sin A32 .

Am2L
Nj=—"
4E
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Simplicity at zeroth order

Simple L/E dependence:
P = 5% 4+ 4C0 sin? Agy + 4C5 sin? Az + 4CYF sin? Agy
+8D sin Ayy sin Agy sin Ass.
Zeroth order is equivalent to the vacuum probability with
13 — ¢, b1 =,

Am — AN

Am2L
Nj=—"
4E

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 ICHEP 2016, Chicago: August 6, 2016 16/20


https://peterdenton.github.io
https://arxiv.org/abs/1604.08167

CPV term

It is known that the exact CPV term in matter is

2
P O £8sin (5C12512C123513C23523 H A/\ Sln A32 sin A31 sin A21
i>j

V. Naumov, Int. J. Mod. Phys. 1992
P. Harrison, W. Scott, hep-ph/9912435

Our expression reproduces this order by order in €.
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Precision order-by-order
02 vy — Ve, L =1300 (km), 6 = 37/2, NO
S

0.0
100

— Zeroth —— First —— Second

0.3 1.0 10
E (GeV)
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Precision

At the first oscillation minimum and maximum:

Peter B. Denton (Fermilab, Vanderbilt)

DUNE: NO, § =37/2 | First min | First max
P(v, — ve) 0.0047 0.081
E (GeV) 1.2 2.2
Zeroth 5x107% | 4x10~*
18R] First 3x1077 | 2x10°7
P
Second | 6x 10710 | 5x 1010

1604.08167
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Conclusions

» Matter effects provide a rich environment to test the neutrino sector.
> Analytic expression for neutrino oscillations with precision and clarity.
» Clear that exactly two matter rotations is the correct number.

» Our perturbative parameter is < 0.015 and is 0 in vacuum.

» Form emphasizes the L/E dependence of oscillations at all orders.

> Zeroth order expression matches the form of the vacuum expression.
» Zeroth order is sufficient for current and planned experiments.

» Code is available on github at github.com/PeterDenton/Nu-Pert.
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Backups
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Arthur McDonald
SNO

Takaaki Kajita
Super K

“for the discovery of neutrino oscillations,
which shows that neutrinos have mass”
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Neutrino oscillations in vacuum

Neutrino oscillations in matter are described by this Hamiltonian
written in the flavor basis:

2
my

1
U m3 ut,

H=_—
2E )
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Neutrino oscillations in vacuum

Neutrino oscillations in matter are described by this Hamiltonian
written in the flavor basis:

(M ) "
- = U m2 U 5
2E m%

H

where the unitary mixing matrix is parameterized by

1 _ €13 s13 12 S12
U= 3 spzeld 1 —512 €12
_is
—sy3e”! 3 —513 a3 1
c12€13 C13512 513
i5 i5 i5
= | —c3512 — €'%c1251353  C12C23 — €'9510513523  e0c13523

—is Zis
€7 '9512503 — C12C23513  —(23512513 — € '°C1253  C13C23
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Neutrino properties
Current status:

> sin2f13~0.02. > Am3; =7.6 x 1075 eV2.

> sin61p ~ 0.3. > |Am3| & |Amd,| ~ 2.4 x 1073 V2.
> sin? fr3 ~ 0.5. > |Ams | ~ 30.

Am%1
> ) ~777
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Neutrino properties
Current status:

> sin2f13~0.02. > Am3; =7.6 x 1075 eV2.

> sin61p ~ 0.3. > |Am3| & |Amd,| ~ 2.4 x 1073 V2.
> sin? fr3 ~ 0.5. > |Ams | ~ 30
Am%1 :
> § ~777
Unknowns:
» §: CP phase.

» sin? 6y < 0.5 or sin?fp3 > 0.5: octant (dominant flavor v3).
» Am3; >0 or Am3; < 0: mass ordering.

» m?: absolute mass scale.

> «1,ap: Majorana phases.

» Anomalies: Short baseline, reactor, gallium, ...

> New physics: NSI, magnetic moment, decay, steriles, ...
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Neutrino properties

Neutrino Mass Squared

Peter B. Denton (Fermilab, Vanderbilt)

Ve -
. cos o =
sin“6s3 I
31 ]
.2 -1
sin“ 03
Amim
sin®6y, kind4 .
A 2 T |
m _

sol

1

e

[sind{ ~
NORMAL

VT -
. cosd =
sin?0), kin64 I
2 | :
, _
Arnso] 1
I
Sing L
Amim
sin2623
31 —
.o -1
sin 9]3
INVERTED

Fractional Flavor Content varying cos ¢

1604.08167

O. Mena, S. Parke, hep-ph/0312131
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Neutrino oscillations in vacuum: appearance

For the v, — ve appearance channel,
i(5+A
Aje = Agt + Agp e/OTA%)

where

A31 == 2| U;i3| Ue3 sin A31 = 2523C13513 sin A31 s

Ax1 = 2UZ2 Uersin Apy =~ 2 [612C23512C13 + 0(513)] sin Ao .
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Neutrino oscillations in vacuum: appearance

0 =0.0mr
ASQ = 0.57
NO

— Az P(Vu — l/e) = AHQAZe
— Agi
— Ay
Denton & Parl
Peter B. Denton (Fermilab, Vanderbilt) 1604.08167
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Neutrino oscillations in vacuum: appearance

0 =0.0mr
ASQ = 0.57
NO

— An| Py, —ve) = Apc Ay,

Py = 7e) = A Ape
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Neutrino oscillations in vacuum: appearance

0 =0.0m

NO , 0+ Asz2

/ 0 — Az
— Azl
— Az P(V[l — Ve) = AILEAZe
= el P, o) = A A
Ale
Denton & Park
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Neutrino oscillations in vacuum: appearance

0 =0.0m
NO ,

— Au| Py, s v.)= Ape e
- Py, — )= A

*
[LEA/JE
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Matter effects

Oscillation probabilities are different in matter.
L. Wolfenstein, PRD 17 (1978)
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Matter effects

Oscillation probabilities are different in matter.
L. Wolfenstein, PRD 17 (1978)

Vo Vo

f f

1
e = :F\/EGFENn

Ny ey is the neutron (electron) number density,
upper (lower) sign is for (anti) neutrinos.
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Matter effects

Oscillation probabilities are different in matter.
L. Wolfenstein, PRD 17 (1978)

l/a Va Ve e_
Z w
f f e~ Ve
1
WNe = ¢\@GF§Nn Voo = £V2GENe

Ny ey is the neutron (electron) number density,
upper (lower) sign is for (anti) neutrinos.

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 ICHEP 2016, Chicago: August 6, 2016 31/20


http://dx.doi.org/10.1103/PhysRevD.17.2369
https://peterdenton.github.io
https://arxiv.org/abs/1604.08167

Matter effects

Oscillation probabilities are different in matter.
L. Wolfenstein, PRD 17 (1978)

l/a Va Ve e_
Z w
f f e~ Ve
1
WNe = ¢\@GF§Nn Voo = £V2GENe

Resolved the solar neutrino problem (MSW effect).
S. Mikheyev, A. Smirnov, Sov. J. Nucl. Phys. 42 (1985)

Ny ey is the neutron (electron) number density,
upper (lower) sign is for (anti) neutrinos.
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ldentity matrix

Oscillation probabilities are invariant under

H— H+x1,

for some x € R.

So oscillation experiments cannot tell us about the absolute mass
scale or Wnc.
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Matter effect at long baseline experiments

T2K

— ALY
—_— A
A: Py, = ve) = ApeAye
= el POy ) = A Ae
A
e

Peter B. Denton (Fermilab, Vanderbilt)
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Matter effect at long baseline experiments

— A% Py — ve) = Ape A,

*

me | Py = ) = A% Ape
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Matter effect at long baseline experiments

0 =0.0m DUNE

NO

-+ Y32
\ / 0 —As2

— ALY
—_— ALY a——

A: Py, = ve) = ApeAye
| PO ) = A Aue

A

Denton & Park
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Matter effect at long baseline experiments

0=0.0m
Agg = 0.4m PURE

NO L 0§+ Y32

\ / d— As2
— ALY
— Aj 3 e

A: Py — ve) = Ape A,

A:i P, = D) = A% Ape
pe

NO: P > PV§
10: P < PVY§
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Exact neutrino oscillations in matter: mixing angles

m2 _ — ()\% —aX + ﬁ) A3

P (M= a4+ 8) Aa — (A3 —ada + B) Ads

13 A)\31A)\32

Sm2 _ 523E + C F2 + 2C23523C5EF

23 E2 + F2
2,52, (e E2 — e0F2) 4 (2, — s2)) EF
23523 23 — 523

\/(522352 + ¢33 F? + 2EFcp33cs) (€33E2 + s33F2 — 2EFcp3s3cy)

10T
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Exact neutrino oscillations in matter: mixing angles

m2 __
512

m2 __
513 =

Sm2

23 —

e

— ()\% —aX + ﬁ) A3

—i6m _

(M —aM +8) Az — (A —ado + B) Ada
N—ads+f

A)\31A)\32
SHE? + c33F? + 2003523 EF
E2 + F?
3533 (¢ "E? — eF?) + (6 — 53y EF

\/(522352 + ¢33 F? + 2EFcp33cs) (€33E2 + s33F2 — 2EFcp3s3cy)

2 2 2 2 2 2
a = ci3Ams + (C12C13 + 513) Am21 , B = cipcizsAmy Amsy
E = c135 [(A —Amz)Am2 — 52 ()\ —Am2)Am2]

13513 3 21 31 12 (A3 31 21

2 2
F = C12512C13 ()\3 — Am31) Am21
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Eigenvalues in matter: two rotations are needed

8
Us3(623,0) NO
oF = W — n — M| A
4 L i
o2 ]
=
6]
T 0
=
= _of ]
A Precision: 1%
- Order‘ue%ye‘yﬂéye‘u#%yu
6 0 poor okay poor
1 poor okay poor
S 3 -2 -0 0 10 20 30 40
Y.pE (g ~em™? Ge\/)
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Eigenvalues in matter: two rotations are needed

8

Uas(0a3,6)Us3(¢) NO

A — o — AT

-8

Precision: 1%
Order ‘ Ve — Ve ‘ vy — Ve ‘ vy — vy

0 okay
1

STy R—Ty

Peter B. Denton (Fermilab, Vanderbilt)
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Eigenvalues in matter: two rotations are needed

8

Uas(0a3,6)Us3(¢) NO

A — o — AT

-8

Precision: 0.1%
Order ‘ Ve — Ve ‘ vy — Ve ‘ vy — vy

0 okay poor okay
1

okay okay

STy R—Ty
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Eigenvalues in matter: two rotations are needed

8

— A\ — X — X3 |

Uss (623, 6)Ui3(0)Ura(v)) NO

Precision: 1%
Order ‘ Ve — Ve ‘ vy — Ve ‘ vy — vy

0 great great great |
1 great great great

RN T R—T
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Eigenvalues in matter: two rotations are needed

8

Uss (623, 6)Ui3(0)Ura(v)) NO
A1 — X — A3 |

Precision: 0.1%
Order ‘ Ve — Ve ‘ vy — Ve ‘ vy — vy

0
1

great okay okay

great

great

great

RN T R—T
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Eigenvalues
Tilde basis after Up3(623,0):

Xa = a+ (si3 + esip) Amee

2
ee )

Ae = (cf3 + estp) A, .

b = ecHAm
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Eigenvalues
Tilde basis after Up3(623,0):

Xa = a+ (si3 + esip) Am;

2
ee>

e
b = ecHAm

Ae = (cf3 + estp) A, .

Hat basis after Ui3(¢):

1
Ar =5 (et A F sign(Amge)\/()\c = Xa)? +4(sizci3Amg.)?|
o= A
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Eigenvalues
Tilde basis after Up3(623,0):

Xa = a+ (si3 + esip) Am;

2
ee>

e
b = ecHAm

Ae = (cf3 + estp) A, .

Hat basis after Ui3(¢):

1
e = [(/\a +A) F Sign(Amge)\/()‘c — )+ 4(513613Am§e)2} )
Ao = Ap.

Check basis after Uio(2)):

1
Mz =5 [(Ro+A2) F /(o = A + 4(ecsays) crosbme )]
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Eigenvalues: precision

10?
10°; MO 1
— )\ — X 3
1072} 1
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__10°¢
3~

10710 o
10—12 L

10714 L

10-16 iR SRS . . .
—40 —-30 =20 —10 0 10 20 30 40
Y.pE (g ~em ™3 Ge\/)

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167 ICHEP 2016, Chicago: August 6, 2016 43/20


https://peterdenton.github.io
https://arxiv.org/abs/1604.08167

Eigenvalues: precision

10?
100+ NO 1
— N — X — X3
1072} 1
10~k
__10°¢
3~

ool

10—12 L

10714 L

¢ <— Double precision limit!

& ‘
0 -10 0 10 20 30 40
Y.pE (g ~em ™3 Ge\/)
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Hamiltonians
After a constant (63, 8) rotation, 2EH =

2
Aa s13C13AmZ, a3

2
Ab + esppcioAmy, | ci3 —513
2
s13Cc13Amz, Ac —513
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Hamiltonians
After a constant (63, 8) rotation, 2EH =

2
Aa s13C13AmZ, a3
2
Ab + esppcioAmy, | ci3 —513
2
s13Cc13Amz, Ac —513

After a Uyz(¢) rotation, 2EH =
A C(p—613)

Ao + €C12$12Amge C(p—613) S(¢—613)
A+ S(¢—013)
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Hamiltonians
After a constant (63, 8) rotation, 2EH =

2
Aa s13C13AmZ, a3
2
Ab + esppcioAmy, | ci3 —513
2
s13Cc13Amz, Ac —513

After a Uyz(¢) rotation, 2EH =

A 5 C(p—613)
Ao + ec12512Amge | C(p—15) S(¢—b13)
A+ S(6—613)

After a Uia(v)) rotation, 2EH =

)\1 —Sy
Ao =+ 65(@,913)512C12Am§e Cy
>\3 =Sy Gy
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Perturbative expansion

Hamiltonian: H = Hy + H;.

)\1 2 —Sw
y 1 v Am
HO = E Az y H]_ = 6/ 2Eee Cr[p
)\3 —Sy Gy
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Perturbative expansion

Hamiltonian: H = Hy + H;.

)\1 2 —Sw
y 1 v Am
HO = E Az y H]_ = 6/ 2Eee Cr[p
)\3 —Sy Gy

Eigenvalues: A% = \; + A1 12 4 ...
Afl) = 2E(Fll)ii = O’

@) [2E(Hy1)ix]?
/\i a kZ;é: AN )
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Perturbative expansion: eigenvectors
Use vacuum expressions with U — V' where

V=U"W,

U™ is U with 613 — ¢ and 6150 — 1,
W= Wo+ Wi+ Wt
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Perturbative expansion: eigenvectors
Use vacuum expressions with U — V' where

V=U"W,

U™ is U with 613 — ¢ and 6150 — 1,
W= Wo+ Wi+ Wt
W0:17
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Perturbative expansion: eigenvectors
Use vacuum expressions with U — V' where

V=U"W,

U™ is U with 613 — ¢ and 6150 — 1,
W= Wo+ Wi+ Wt

Wo=1,
__Su
A3
— ¢ 2 _Cv
W1 = € Amee A3 5
Sw . Cw
A3 A3
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Perturbative expansion: eigenvectors
Use vacuum expressions with U — V' where

V=U"W,

U™ is U with 613 — ¢ and 6150 — 1,
W= Wo+ Wi+ Wt

WO = ]17
_ S
Asy
— 2 S
W1 = € Amee A3 5
Sy )
Az Aldz
s 2
(A)\31)2 AXz2AM1
2 )2
Wo — —¢2 (Amee) S24p Cfp
2 5 Ada1Ado (AX32)2

2 2
Sy Sy
[(AA32)2 + (A)\31)2]
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A12 — 1 interchange

From the shape of Ujz(%)), it is clear that the probabilities are
invariant under a simultaneous interchange of

M N, and 1/)—>¢ig.

Since only even powers of v trig functions (ci, 55), CysSps C2up> S20))
appear in the probabilities, the sign degeneracy is irrelevant.
More usefully, we can write that the probabilities are invariant
under the simultaneous interchange of

AL A, ci > si, and CpSy — —CySy -

This interchange constrains Cp1,
and Cs; is then easily calculated from Cs;.
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31 Triangle

4 =0.0

AmZ. cos 2013

Vacuum

Denton & Parke
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31 Triangle

4 =0.0

AmZ. cos 2013

Vacuum

Denton & Parke
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21 Triangle

& = 0.0

9 cos209
Am3, 2
13

Vacuum

Denton & Parke
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21 Triangle

< =0.0

9 cos20j9
Amg, 2
13

Vacuum

Denton & Parke
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Angles in matter

The 013 — ¢ angle in matter:

oA o, Am
2= N, a0 20 = 23y
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Angles in matter

The 013 — ¢ angle in matter:

oA o, Am
2= N, a0 20 = 23y

The 012 — v angle matter:

c Ao — A= < R Am2,
=2 = = € —=
21 Mo — A1 21 2012 € (p—013) Mo — M\
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The two angles in matter

/2 T

L /At

00 =30 -2 -0 0 10 20 30 40

Y.pE (g -em ™3 GeV)
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Zeroth order

coefficients

Vo — U3 (C2PHY0)
Ve = Ve —cisich
Vy = Ve c3s5co(c53 — 55553) + oy Jf cos b
N —(c223c12p + 52235555)(622351% + 5223s¢%c§})
: P —2(ck — 555223)C2¢Jr’;’ cosd + (2J7 cos )2
Va = Vs (G)© (D)
Ve — Ve —césicfp 0
Uy — Ve sécgcis% + J" cosd —J"siné
2.2 (22 | 2 2.2
Yy = Uy —c5533(c535y, + 553557 0
—252,JM cos §

Peter B. Denton (Fermilab, Vanderbilt) 1604.08167
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General form of the first order coefficients
Can reduce 8 expressions down to 3:

af af
(Caﬁ)(l)zelAm2 Fi n F,
21 ee A/\31 A)\32 )

P+ 67 R
CP1) — A m? 1 1 _ 2
( 31 ) € mee AA31 A)\32
YR 467
ab\1) — Jam2 [ 11 2 2
(C32 ) € mee ( A)\31 + A)\32
KB KB
DBY1) — A m2 1 N2
( ) € mee AA31 A)\32

9

)
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General form of the first order coefficients
Can reduce 8 expressions down to 3:

P RP
(Cé"f)(”—e’Amie< —+ 3 )

Alz1  Alz
R+ e’ R )

Oéﬁ (1) IA 2

045 Gaﬁ

aB\(1) _ /A F,” + 6,
(G2) ¢ A ( A)\31 Alz )’
KK
Az Al

1 = 2(c2¢2 _ 2\sin g ’
Fs2323C45y,(Ccicy, — s5) sin a#p

(DW= & Am2,

where the minus sign is for v, — ve.
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First order coefficients

Vo — U3 Flo‘ﬁ
Ve — Ve —2Cq355¢52%
L css 15650 Cp (33 + C20553)
e
: —523C23(S¢2)S§) + C2¢C§)) cos 0]
v 2C¢S¢(S223S¢C¢ + 523235y, COS (5) X
: : (3¢ — 2523C23545yCy COS & + 5535357 )
Vo — U3 Glaﬂ
Ve — Ve 25¢C¢S¢C¢C2¢
Uy = Ve —25¢c¢5w(5223c2¢cw — 523C23545y, COS0)
—2c¢s¢(5223s¢cw + 523C235y, COS J)
vy — Uy ) 5
x(1 —2¢gs33)
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Note on the PMNS matrix

The PMNS matrix typically has the CP phase associated with 63,
while our unitary matrix has dcp associated with 3. The
standard form is related to our form by multiplying the third row
by e and the third column by e=/.
Our formulation is useful because after the U,3 rotation the
resulting Hamiltonian of the “tilde” basis is real.
B. Pontecorvo, Sov. Phys. JETP 7 1958
Z. Maki, M. Nakagawa, S. Sakata, Prog. Theor. Phys. 28 1962
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A constant rotation in the 2 — 3 plane

Change basis by rotating H™ — H™ by Ua3(623, 0)
> Uy3 commutes with the matter potential,

» H™ is now entirely real.

Ay =a+ (5123 + 65f2)Am§e
Ap = EC122A,nge

Ae = (cf3 + esip) AmZ,
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A constant rotation in the 2 — 3 plane

Change basis by rotating H™ — H™ by Ua3(623, 0)
> Uy3 commutes with the matter potential,

» H™ is now entirely real.

a+ (5123 + 65f2)Am§e
ec122Amge

2 2 2
(ci3 +esip)Amyg,

2 _ 2 2 2
Amg, = Amz; — sj,Amy,
2
— 2721 0.03
€ = 5 ~U.
Amz,

H. Nunokawa, S. Parke, R. Zukanovich Funchal, hep-ph/0503283

Peter B. Denton (Fermilab, Vanderbilt)

1604.08167 ICHEP 2016, Chicago: August 6, 2016 56/20


https://arxiv.org/abs/hep-ph/0503283
https://peterdenton.github.io
https://arxiv.org/abs/1604.08167

A rotation in the 1 — 3 plane

Change basis again by rotating H™ — H™ by Uis(9)
> qS(a = 0) = 013.

1 .
A =5 Qe+ AT SIgn(Amﬁe)\/()\c — A2)? + 4(sizcsAmz, )?

Ao = Ap
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A rotation in the 1 — 2 plane

Change basis again by rotating H™ — H™ by U (1))
> p(a=0) = b2,
» We have now created our own U™(023, 9, ¢, ).
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Neutrino oscillation probabilities

L
A(vg — vp) Z ;Ugje™ S
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Neutrino oscillation probabilities

2
mi L

3
A(va — vp) = Z Uk Ugie e
i=1
P(va — v5) = |A(Va — vg))?
= 0op — Z@% [UniU5;:Uz; Ugj] sin® Ay
i<j
+ 8% [Ua1 U;;z U;2 Uﬁl] sin A32 sin A31 sin Agl

C. Jarlskog, PRL 1985

Nonvanishing Wronskian = fewest number of L/E functions.

Am,?jL
8= 4F
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Neutrino oscillation probabilities

A(ve — vp) Z ;Usgie™ S

P(va — vg) = |A(va — 1)
=0ag — > R [UaiU3:Us;Ugj] sin® A
i<j
+ 8& [Ual U/*32 U;Q Ugl] sin A32 sin A31 sin Agl
C. Jarlskog, PRL 1985
Nonvanishing Wronskian = fewest number of L/E functions.
Clear that the CPV term is O[(L/E)3] not O[(L/E)Y].
Am2L
Nj=—2
Y 4E
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Variable Matter Density

This work assumed p is constant.
If p doesn’t vary too much, we can set p to the average

L
p=i=1 [ slax.
0
p doesn’t vary “too much” when

- AN
0™ < ’25
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